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A new type of stationary topological transition is identified in a one dimensional model of a single particle
hopping on a dimerized lattice in the presence of dissipation. It is shown that the average particle velocity
in the equilibrium state of the dissipative system can be written as the product of a winding number, and of a
multiplicative constant that is equal to the inverse of the average time between quantum jumps. A bulk-boundary
correspondence is outlined, where the boundary between two topologically distinct phases hosts a number of
edge modes equal to the difference in winding number across the boundary. Importantly, the subspace of edge
states forms a (dark) decoherence free subspace for the dissipation. It is finally pointed out that the model
analyzed can be implemented in a lossless cavity QED setup, whose robust stationary state is a coherent state of
the light field.

I. INTRODUCTION

Advances in technical capabilities for probing and control-
ling matter at the quantum level have brought new focus onto
the roles of quantum coherence and entanglement in a vari-
ety of phenomena occurring both in nature and in “synthetic”
systems created in the laboratory. As a result, many funda-
mental questions about the role of decoherence and dissipa-
tion in open system quantum dynamics have become both ex-
perimentally addressable and highly relevant for progress in
the field. Moreover, while dissipation has traditionally been
viewed as playing an antagonistic role in quantum dynamics,
many researchers in the condensed matter1, quantum optics2–4

and quantum information5,6 communities have begun search-
ing for ways of actively using dissipation to enable and bring
about new types of quantum phenomena.

The central idea in these works is to engineer the interaction
between a distinguished system and its environment in such a
way that the natural evolution of the system is described by
a markovian master equation. This master equation is con-
structed so that its, usually unique, stationary state has in-
teresting properties such as: being the results of a quantum
computation5, preparing special classes of entangled states7,8,
preparing and manipulating topological states9, and prepar-
ing ground and Gibbs states of any body systems10,11. Sev-
eral seminal experiments have demonstrated dissipative state
preparation in small quantum systems12,13. It is often argued
that dissipatively preparing certain states and processes could
be intrinsically more robust to decoherence, as the noise in the
system would somehow be used to used constructively.

Most of the existing dissipative engineering results have fo-
cused on reproducing existing state preparation and manipu-
lation protocols in a dissipative setting? . Less work has been
invested in exploiting dissipation for uncovering new physi-
cal phenomena in realistic solid state systems. Here we take
the latter approach and study a simple dissipative model in
one dimension that exhibits a new class of exotic topological
stationary behavior.

The models we introduce and analyze can be seen as a
proper dynamical semigroup variant of the topological mod-
els defined and analyzed in Refs.14–16. Indeed, in Ref.14, a
new type of topological behavior was uncovered in a non-
hermitian extension of the SSH model17, where particles can

leak out of one of the flavor of sites. There it was shown that
provided the hamiltonian is translation invariant, the average
displacement of a particle is a quantized number. In Ref.16, the
results were extended to general one dimensional tight bind-
ing models.

A number of other works have analyzed tight binding mod-
els in the presence of dissipation, and observed topology and
bulk boundary type corespondences18,19. In particular, signa-
tures of the topology can be seen in the counting statistics (or
trajectories) as discussed in Refs.20. However, to the best of
our knowledge, this is the first analysis of the topological phe-
nomena in the stationary dark subspace.

The main result of this paper is that the model described
by the master equation of Eqns. (2) and (3) exhibits a novel
type of stationary symmetry protected topological order. The
topological nature of the system is most clearly manifested
in the steady-state particle velocity qss which is given by the
simple expression

qss =
ν

τ
, (1)

where ν is a winding number associated with the bulk topol-
ogy, and τ is the average time between quantum jumps. The
particle velocity can hence be seen as a topological order pa-
rameter for this class of models. We argue that the topological
features are robust within the same class of Hamiltonians and
dissipation as in Ref.16.

We further show that if the system has two topologically
distinct sectors, then it exhibits a stationary decoherence-free
subspace that is exponentially localized at the boundary be-
tween the two sectors. The dimension of the decoherence-
free subspace is generically given by the difference in wind-
ing number on the two sides of the boundary. This new sta-
tionary bulk-boundary correspondence has an additional con-
straint that is absent in its closed system counterpart; that the
system has a form of directionality. In order for there to ex-
ist well defined stationary edge states, the winding number on
the left of the boundary has to be smaller than the one on the
right of the boundary.

The remainder of the paper is organized as follows. In sec-
tion II, we will introduce the model as well as the necessary
tools for its analysis, including basic spectral properties of dis-
sipative systems. In section III, we analyze a general class of
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FIG. 1. Depiction of the model. Coherent hopping is indicated with
solid lines, while dissipate jumps are shown as squiggly arrows. The
unit cell consists of A and B sites. The range J of the coherent
hopping is 1.

translationally invariant dissipative models that exhibit a topo-
logical phase transition. Eqn. (1) is derived. In section IV
we outline a novel bulk-edge correspondence, where the edge
states are dark states of the dynamics, and form a decoherence
free subspace. Finally, in section V, we study specific exam-
ples with nearest neighbor and next nearest neighbor hoping
respectively, illustrating the abstract results derived in section
II. We point out that the semi-infinite nearest neighbor chain
accurately describes the dynamics of a certain leakage free
cavity QED setup, whose stationary state can be interpreted
as a topological dark state. We have tried to make the exam-
ples section as self-contained as possible.

II. THE MODEL

We consider a particle coherently hopping on a translation-
ally invariant one dimensional dimerized ring of length N ,
subject to dissipation from a markovian environment. The
system is accurately modeled by the following Markovian
master equation (L will be henceforth called the Liouvillian):

ρ̇ ≡ L(ρ) = −i[H, ρ] +
∑
m

LmρL
†
m−

1

2
{L†mLm, ρ}+, (2)

where the coherent part of the evolution is described by the
tight binding Hamiltonian

H =
∑
m

∆|B,m〉〈B,m|+
J∑

j=−J
vmj |A,m〉〈B,m+j|+h.c.

(3)
The sites will be labeled A,B, and we will call the pair of
sites AB a unit cell. The coefficients vml describe the hop-
ping amplitudes, and will be taken real throughout the paper.
vm0 describes intra-cell hopping, while vml with l 6= 0 de-
scribes inter-cell hopping. Throughout, we will assume that
the hopping range L is finite. ∆ describes the on-site energy
in a frame where the A sites have zero energy. It is crucial for
the models we are considering that translation invariance of
the on-site energy is preserved. The Hamiltonian can be seen
as a natural extension of the SSH model. Fig. 1a depicts the
setup of Eqns. (2) and (3) with vmj = 0 whenever |j| > 1.

The model we will be considering is subject to dissipation
from a Markovian environment in the form of local reload-
ing terms which describe independent jumps within each unit

cell (from site B to site A), as depicted in Fig. 1. These
local jumps are given by the Lindblad operators: Lm =√
γ|A,m〉〈B,m|.
Dissipative systems as the one described in Eqn. (2) do not

conserve information, but rather converge to a stationary sub-
space S satisfying L(ρ) = 0 for all ρ ∈ S . Basic questions
in the analysis of quantum master equations are (i) identifying
the stationary states, (ii) determining whether they are unique
or pure, and (iii) estimating how rapidly the system converges
to stationarity. The answer to these questions is encoded in
the spectral properties of the super operator L. Eigenvalues
of L (satisfying the eigenvalue equation L(X) = λX) have a
non-positive real part, and complex eigenvalues come in com-
plex conjugate pairs. Only the eigenvectors with eigenvalue
zero are associated to physical states; these are the station-
ary states of the system. The eigenvalue with the smallest (in
magnitude) real part will be called the spectral gap of L, and
plays an important role for the convergence time of the open
system to its equilibrium state(s). In particular, in most cases,
relaxation occurs exponentially fast with rate 1/gap. An es-
pecially important class of stationary states are dark states:
states annihilated by all jump operators, and which are eigen-
states of the Hamiltonian (not necessarily the ground state!);
i.e. Lk|ψss〉 = 0 for all k, and H|ψss〉 = h|ψss〉 for some
h ∈ R. Determining whether the stationary state is unique
and estimating the spectral gap of L are very difficult tasks in
general.

Heuristically,for single particle systems like the one we are
considering, the time to equilibrium is given by the average
time per jump, times the number of jumps necessary before
convergence. We expect the mixing time to be between linear
and quadratic in the length of the chain; corresponding more
colloquially to the ballistic and diffusive regimes of propaga-
tion respectively. The lower (ballistic) bound can be obtained
by a finite speed of propagation argument, while the diffusive
upper bound is obtained by noting that the convergence cannot
be slowed down by adding jump terms to the master equation
that break the coherence of the evolution. In particular, adding
local dissipative terms at each site that project onto the local
site will effectively make the evolution diffusive leading to a
mixing time that is quadratic in N .

III. TOPOLOGY

In this section, we will consider the translationally invari-
ant chain where the coherent as well as the dissipative hopping
terms are uniform; i.e. vml = vl for all m. We will be inter-
ested in mapping out the phases of the model at stationarity
and understanding its critical behavior. The relevant observ-
able turns out to be the expected particle velocity in the steady
state which we will show takes the very simple form of Eqn.
(1). Defining particle velocity in an open system is ambigu-
ous is general, since the particle number is often not locally
conserved21. In our model, this is not a problem, since the
dissipation acts only within unit cells, so that particle number
is conserved cell-wise. Therefore, we can define the velocity
as the rate at which the particle hops across unit cells in the
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system. The expected velocity of a particle in a state ρ is given
by

q = 〈dx
dt
〉ρ = −itr ([x,H]ρ) = tr

(
dH

dk
ρ

)
, (4)

where x is the position operator, and k is the momentum. The
last equality in Eqn. (4) can be seen by considering the Marko-
vian weak coupling limit derivation of the master equation22

(Eqn. (2)), and noting that the velocity operator commutes
with the system-bath interaction terms since it acts trivially
within unit cells, and the dissipation only acts within the unit
cells. As we are interested in equilibrium properties of the
system, we will focus on the stationary velocity of the parti-
cle, obtained from Eqn. (4) by plugging in the stationary state
(assuming that it is unique). In order to verify uniqueness of
the stationary state, we need to check that there are no invari-
ant subspace of the map L. A sufficient condition for this is if
the only operators that commutes with H and all of the jump
operators Lm is proportional to the identity. This is the case
of the master equation (2), for all values of the parameters,
provided γ > 0, by direct inspection.

In order to derive Eqn. (1) we first need to extract the sta-
tionary state of the master equation. Although there is no gen-
eral strategy for doing this, it turns out that the stationary state
of Eqns. (2) and (3) can be extracted analytically by analyz-
ing a modified master equation where the jump operators are
given by Lk =

√
γ|A, k〉〈B, k|; i.e. the particle is coherently

fed back into a momentum eigenstate. We refer to this type
of noise as momentum reloading. The master equation of the
momentum reloading model can be rewritten in the momen-
tum basis where every sector evolves independently as

ρ̇k = −i[Hk, ρk] + (LkρkL
†
k −

1

2
{L†kLk, ρk}), (5)

where

Hk =

(
0 ck
c̄k ∆

)
, and Lk =

√
γ

(
0 1
0 0

)
. (6)

With the Hamiltonian of Eqn. (3),

ck :=

J∑
j=−J

vle
ikj , (7)

and vml = vl for all m. For each k, the steady state of Eqn.
(5) can be readily evaluated, and yields

ρkss =
1

Γk

(
Γk − 4|ck|2 2ick(γ + i∆)

2ic̄k(−γ + i∆) 4|ck|2
)
, (8)

where Γk = 8|ck|2 + γ2 + 4∆2.
We note that the system with momentum reloading differs

from the local reloading model in that is has a huge station-
ary subspace. In particular, different momentum sectors do
not mix, so that each one has its own stationary state, and
convex combinations thereof are also stationary. The sta-
tionary states of the local reloading chain (i.e. with Lm =

√
γ|A,m〉〈B,m|) can however be expressed in terms of the

stationary states of the momentum reloading chain as:

ρss =
1

2π

∫
k

dk pkρ
k
ss, (9)

for some positive coefficients pk satisfying
∫
dk pk = 1.

The coefficients pk can be identified by noting the follow-
ing crucial fact: translationally invariant dissipative systems
will have reached equilibrium when the probability of entering
and exiting each momentum eigenstate is equal. In the local
reloading case, whenever a jump occurs, the particle is reini-
tialized uniformly over all momentum eigenstates. Hence the
probability of decaying into a momentum eigenstate is uni-
form over k at equilibrium. Therefore, the probability of de-
caying out of a given momentum state must also be indepen-
dent of k. Now, since the probability of exiting a momentum
eigenstate is determined only by the population of the B sites,
we conclude that the system has reached stationarity when the
population of the B sites is independent of k. Then, the inte-
grand of Eqn. (9) can be expressed as

pkρ
k
ss =

1

Z

(
1 + γ2+4∆2

4|ck|2
iγ−∆
2c̄k

−iγ−∆
2ck

1

)
, (10)

where the normalization factor is given by

Z =
1

2π

∫
dk (2 +

γ2 + 4∆2

4|ck|2
). (11)

It is now clear from the arguments above that there can only
be one set of {pk} satisfying Eqn. (10), confirming the claim
that the system has a unique stationary state for all values of
the parameters. Equipped with an analytic expression for the
stationary state, we can now calculate the stationary particle
velocity from Eqn. (4). The expression now takes the more
familiar form:

qss =
1

2π

∫
dk pktr

(
dHk

dk
ρkss

)
(12)

From Eqns. (10) and (6), we can readily evaluate the steady
state particle velocity

qss =
γ

2πZ

∫
dk Im[

d

dk
log ck], (13)

where we used that the integral of Re[ ddk log ck] is zero, since
the integrand is periodic in k. Eqn. (13), remarkably, shows
that the steady state velocity is proportional to the winding
number of the hamiltonian:

ν =
1

2π

∫
dk Im[

d

dk
log ck]. (14)

We will now see that the pre-factor 1/τ := γ/Z is the in-
verse of the average time between dissipative jumps at sta-
tionarity. Note that a jump occurs with rate γ whenever the
particle sits on a B site. Therefore, the probability for a jump
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to occur per unit time is proportional to the probability of be-
ing at a B site. We conclude that the average time between
jumps is given by

τ =
Z

γ
=

1

γ

∫
dk (2 +

γ2 + 4∆2

4|ck|2
). (15)

A generic feature of our model is that the average time be-
tween jumps τ will diverge whenever the system transitions
from one topological sector to another. At the transition point,
the system enters a dark state from which it can no longer exit,
justifying the claim that the expected time between dissipative
jumps tends to infinity. By the same argument, it is clear that
the stationary state cannot be dark unless the system is at a
critical point.

Remark: In closed quantum systems, the quantity that di-
verges as a quantum phase transition is approached is typi-
cally the spectral gap of the Hamiltonian. Here we are dealing
with single particle dissipative dynamics, where the spectral
gap of the Hamiltonian is no longer the relevant quantity. One
might think that the spectral gap of the Liouvillian plays an
analogous role, but this is also tenuous, as the gap of the Liou-
villian will always go to zero as 1/N2, where N is the length
of the chain. This can be understood by the fact that the par-
ticle reaches equilibrium by diffusion from an initial site. In
our analysis, the probability between quantum jumps is the
quantity that diverges at the the transition, which can also be
interpreted as the average diffusion rate of the particle across
the chain.

There is another way of understanding the above transition
by representing the dissipative evolution as an ensemble of in-
dividual transient events where the particle, starting from any
given A-site is allowed to evolve coherently until it gets an-
nihilated at a B site with a probability proportional to e−tγ .
Such a representation has been discussed many times in the
literature? , and is related in many ways to the field of count-
ing statistics. In a series of papers14–16, one of the authors
has studied this transient representation of the model. In the
transient model, the system is described by a non-hermitian
hamiltonian given by H + i

∑
m γ|B,m〉〈B,m|. A topolog-

ical transition is also observed in this setting, where the sig-
nature is in the average displacement before absorption from
a B site. In Ref.16, the transient topological model was ex-
tended to arbitrary one dimensional lattices. It was shown that
the existence of topologically distinct sectors is determined by
whether the codimension of the dark state manifold is equal to
two.

Although a full comparative analysis of the relations be-
tween our model and the transient model is outside the scope
of this paper, we expect that the results from Ref.16 extend in
a natural way to our setting.

IV. BULK-EDGE CORRESPONDENCE

We now move on to the second main result of the paper
which is a new bulk-edge correspondence for stationary states
of topological master equations. In this section, we no longer

assume that the couplings in the hamiltonian are homogenous
(translation invariant). We also work in the strictly infinite
system limit. In particular, we consider the situation where
the coefficients {vmj} enforce at least two topologically dis-
tinct sectors; one extending out to infinity on the left (with
winding number νL) and another extending out to infinity on
the right (with winding number νR). Any other finite topolog-
ical region in between is considered the boundary. The main
result of this section is that there exists a dark decoherence
free subspace of dimension at least ∆ν that is exponentially
suppressed away from the boundary, where ∆ν = νR − νL
is the difference in winding number on the two sides of the
boundary. If ∆ν is negative, then the steady-state is not well
defined. Hence νR has to be larger than νL.

This bulk-boundary correspondence is reminiscent of the
one discovered in connection with the band theory of topo-
logical insulators. However there are a few crucial differences
with the closed system counterpart. The first is that the edge
states in a sense have directionality, something that cannot oc-
cur in closed quantum systems. Indeed, since the average par-
ticle velocity possesses directionality (right or left moving), it
is difficulty conceivable for edge states to be created as a dy-
namical process at a boundary that has no particle flow into
it. Secondly, we argue that edge states are necessarily dark
states of the system. This can be understood by the following
simple heuristic argument. To reach equilibrium, the parti-
cle has to visit each site at least once on average. This im-
plies that it must cross the boundary between topologically
distinct sectors to equilibrate. As we saw in the previous sec-
tion, at the transition point between phases, the stationary state
is dark. Thus, in the process of equilibration, the particle hop-
ping across the boundary will eventually get caught in a dark
state from which it cannot escape. This heuristic argument
will be confirmed later on by postulating that the stationary
states are dark, and finding physical solutions.

We will now show that any boundary separating two topo-
logically distinct sectors can host at least ∆ν edge states. If
∆ν ≤ 0, then there are no stationary edge states. ν < 0 corre-
sponds to right-moving particles, while ν > 0 corresponds to
left moving ones. Therefore, ∆ν ≥ 0 guarantees that the sys-
tem is well defined since otherwise the particle would be mov-
ing away from the boundary, and the infinite system would not
have a well defined steady state.

To start with, consider a system with several topological
sectors such that νL ≤ νR, and assume that there exists a
dark stationary state: |ψss〉 =

∑
m pm|A,m〉, where pm are

amplitudes satisfying
∑
m |pm|2 = 1. We will see later that

if vm,l are real, then the pm are also real. The state only has
support on the A sites, since dark states are annihilated by
all Lindblad operators Lm|ψss〉 = 0, hence we only need to
verify that H|ψss〉 = λ|ψss〉. It is easy to check that, for any
values of the parameters the eigenvalue equation can only be
satisfied for λ = 0. Now,

H|ψss〉 =
∑
m

J∑
j=−J

vm,jpm|B,m+ j〉 = 0, (16)
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implies the recurrence relation

J∑
j=−J

vm−j,jpm−j = 0, (17)

for every m. The recurrence relation is satisfied for every
(bound) dark stationary state. Eq. (17) can be recast in terms
of a transfer matrix equation as

Tm

 pm+J−1

...
pm−J

 =

 pm+J

...
pm−J+1

 , (18)

which propagates to the right of the chain, and

Sm

 pm+J

...
pm−J+1

 =

 pm+J−1

...
pm−J

 , (19)

which propagates to the left. The (2J+1)×(2J+1) matrices
Tm and Sm are given by:

Tm =
−1

vm+J,−J


vm+J−1,−J+1 · · · vm−J,J
−vm+J,−J

. . .
−vm+J,−J 0

 ,

and

Sm =
−1

vm−J,J


0 vm−J,J

. . .
vm−J,J

vm+J,−J · · · vm−J+1,J−1


It is not difficult to see that the eigenvalues of Tm are the

roots of the polynomial tm(x) =
∑J
j=−J vm+j,jx

J+j and the
eigenvectors are ~ϕJ+j ∼ (λ2J−1

J+j , λ
2J−1
J+j , · · · , 1), where λJ+j

is the (J + j)’th eigenvalue. The eigenvalues of Sm are the
roots of the polynomial sm(x) =

∑J
j=−J vm−j,−jx

J+j , and

the eigenvectors are ~φJ+j ∼ (η2J−1
J+j , η

2J−1
J+j , · · · , 1), where

ηJ+j is the (J + j)’th eigenvalue.

We now consider the specific situation of an infinite chain
with a single boundary point separating two topologically dis-
tinct sectors with uniform amplitudes on each side of the
boundary. Assume that form ≤ 0 the system is in a state with
winding number ν({vLj }), with vmj = vLj , and for m > 0,
vmj = vRj such that ∆ν = ν({vRj })− ν({vLj }) > 0.

Starting with the m = 0 terms (pm−J+1; pm+J), that we
treat as free variables, we can obtain all other coefficients
{pn} by propagating to the right or to the left with the respec-
tive transfer matrices, and normalizing the states. Therefore,
there are at most 2J free variables. However, not all the free

variables correspond to physical stationary states of the sys-
tem. In order for the states to be physical, the sum

∑
n pn

has to be convergent. The convergence of the sum depends on
the spectral properties of the transfer matrices T, S (where we
have suppressed them index). Indeed, only vectors in the sub-
space spanned by eigenvectors whose eigenvalue is contained
in the unit circle will lead to convergent series. Furthermore,
the series has to be convergent to the left and to the right of the
boundary. Therefore the dark edge subspace is orthogonal to
the space spanned by the eigenvectors with eigenvalue larger
than one of the left and right transfer matrices.

We now set out to show that the number of edge states
generically corresponds to ∆ν = ν({vRj }) − ν({vLj }) ≡
νR − νL ≥ 0. For simplicity, we will assume that the eigen-
vectors of the left and right transfer matrix are all indepen-
dent and that none of them have an eigenvalue of magnitude
one. This will give a lower bound on the number of allowed
edge states, and guarantees that the system is not critical.
We propagate to the left of the boundary with S and to the
right of the boundary with T . Hence, if we start with a vec-
tor ~fm = (pm−L+1, · · · , pm+L), we get T ~fm = ~fm+1 and
S ~fm = ~fm−1. Then, similarly, for any positive integer n,
Tn ~fm = ~fm+n and Sn ~fm = ~fm−n. This way, we can re-
cover dark stationary states of L by propagating the coeffi-
cients to the left or to the right out to infinity. In order to
identify the dark stationary subspace, we need to throw away
the eigenvectors of T and S with eigenvalues outside the unit
circle, since they do not correspond to legitimate states. In
this setting, the eigenvalues of T are the roots of the polyno-
mial t(x) =

∑J
j=−J v

R
j x

J+j and the eigenvalues of S are the

roots of the polynomial s(x) =
∑J
j=−J v

L
j x

J−j . The number
of physical edge states is then 2J − nT − nS , where nT and
nS are the number of eigenvalues of T and S outside the unit
circle. We show that ∆ν = 2J − nT − nS . Consider

∆ν =
1

2π

∫
dkIm[log

ck(vL)

ck(vR)
]

=
1

2π

∫
dkIm[log

c̃k(vL)

c̃k(vR)
] (20)

= ∆ν̃,

where c̃k(vL) = eiJkck(vL), and similarly for c̃k(vR).
Note furthermore that c̃k(vL) = t(eik) and c̃k(vR) =
s(e−ik)ei(2L+1)k.

We now invoke a basic result from algebraic topology, say-
ing that the winding number of c̃k(vL) is equal to the number
of roots of t(z) within the unit circle. Similarly, the winding
number of c̃k(vR) is equal to the number of roots of s(z) out-
side the unit circle. Therefore, the total winding number dif-
ference is 2J − nT − nS , as claimed. In essence, the winding
number difference is invariant by Eqn. (21), but the one-to-
one connection between the winding number and the zeros of
the polynomials t(z) and s(z) only holds when the polynomi-
als have non-negative powers of z.

Before concluding this section, we comment on the stabil-
ity of the bulk-edge correspondence. At first sight, the corre-
spondence might seem unstable if we add very weak hopping
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FIG. 2. a) The dissipative dimerized chain with next-nearest neigh-
bor hoping. The unit cells consist of sites AB, and the coherent
hopping terms are illustrated by straight lines, and labeled u, v, w as
in the main text. The dissipative intra cell jumps are illustrated with
squiggly lines and have uniform magnitude γ. b) Phase diagram of
the translationally invariant next-nearest neighbor chain. Each phase
is associated to a value of the winding number, which in this example
can be ν ∈ {−1, 0, 1}. c) Average particle velocity at stationarity of
the particle along the path η1 in phase space. The system starts in
a phase with zero particle velocity, then enters a phase where the
particle moves to the right, and finishes in a phase with the particle
moving to the left. At the transition points, the average velocity is
zero.

amplitudes that are more than J cells away. Indeed, this in-
creases the size of T and S, and adds a number of close to
zero eigenvalues inside the unit circle. However, adding weak
long distance “right” hopping will add roots of t(z) inside the
unit circle, but those extra terms will always contribute roots
of s(z) outside the unit circle, hence not contributing to the
dark edge subspace, and not changing the winding number
difference.

Finally, it is important to mention that the solutions to the
recurrence equation that were thrown away were all assumed
to be independent. Should some of the forbidden eigenvectors
of T and S be linearly dependent, it would increase the dark
stationary subspace. However, this requires fine tuning of the
model. Similarly, fine tuning is required to enforce that an
eigenvalue of T or S has magnitude exactly one.

V. EXAMPLES

In this section, we provide two examples illustrating the
results of Sections III and IV.

A. Example: next-nearest neighbor chain

Consider the next-nearest neighbor model with vm,j 6= 0
for j = −1, 0, 1 (see Fig. 2a). For clarity, we relabel vm,−1 ≡
wm, vm,0 ≡ um and vm,1 ≡ vm. To start with, in order to
illustrate the topological behavior of the model, we assume

FIG. 3. Illustration of Edge states for the next-nearest neighbor
chain. The infinite chain is broken into three regions: a central region
with ν = 0 characterizing the boundary, the left of the boundary with
ν = −1 and the right of the boundary with ν = 1. The 2×2 transfer
matrix S which propagates to the left has two eigenvalues inside the
unit circle in the ν = −1 phase and T has two eigenvalues inside the
unit circle in the ν = 1 region. These are illustrated by red dots. If
the system is perturbed, S and T will be larger matrices with mostly
near zero entries. This will add a number of eigenvalues inside and
outside of the unit circle in the left and right region. Importantly, the
extra eigenvalues will come in pairs, with those inside the unit circle
to the left corresponding to the ones outside the unit circle to the right
(marked in blue) and visa versa (marked in green). Because of the
symmetry, the extra solutions do not reflect legitimate dark states.

translation invariance; i.e. wm = w, vm = v and um = u
for all sites m, and some parameters u, v, w which we assume
positive. The dissipation rate γ is also assumed to be uniform.

Applying the results of Sec. III, we can identify three topo-
logically distinct sectors for the next nearest neighbor model.
By direct evaluation of Eqn. (14), with ck = we−ik+u+veik,
the winding number is found to be

ν =


0, if u > v + w.

−1, if u < v + w and v < w

1, if u < v + w and v > w.

. (21)

Then the particle velocity can be evaluated analytically us-
ing complex integration to yield qnnn = γν

Z , where

Z =


2 + (γ2+4∆2)

4
√
u2−4vw(u2−(v+w)2)

, if u > v + w.

2− (v+w)(γ2+4∆2)
4(v−w)(−u2+(v+w)2) , if u < v + w and v < w.

2 + (v+w)(γ2+4∆2)
4(v−w)(−u2+(v+w)2) , if u < v + w and v > w.

The distinct topological sectors are illustrated in Fig. 2b).
In Fig. 2c), the steady state particle velocity is plotted along
the path η1 which is given by (v, v, w) = (1, x, .75) for
0 ≤ x ≤ 1. Along this path, the system crosses three distinct
topological sectors, passing from a zero to negative to positive
particle velocity. At the ν = 0 → 1 transition, this disconti-
nuity manifests itself by a kink, whereas for the ν = −1→ 1
transition is smooth.

In order to illustrated the phenomenon of dissipative edge
states, we again consider the next-nearest neighbor chain. We
now focus on the situation where the infinite chain is broken
up into three regions, each with fixed values of the parameters
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(u, v, w). In a finite central region the values of the parameters
(u, v, w) correspond to the topological sector ν = 0. We call
this central region the boundary. To the left of the boundary
the system parameters correspond to the phase ν = −1 and to
the right of the boundary, ν = 1. The non-homogenous chain
can be represented by the path η2 in Fig. 3a). On average the
particle is moving to the right on the left of the boundary and
is moving to the left on the right of the boundary. Inside the
boundary, the average velocity is zero. Therefore, we would
expect the probability of finding the particle to be bunched
around the boundary edges. Indeed, this can be seen as fol-
lows.

Assuming that the stationary state is dark (|ψss〉 =∑∞
m=−∞ pm|A,m〉), we obtain the recurrence relations

umpm + vmpm+1 + wmpm−1 = 0, (22)

for all m, which in turn lead to the following 2 × 2 transfer
matrices:

Tm =
−1

vm

(
um wm
−vm 0

)
, Sm =

−1

wm

(
−wm 0
vm um

)
Ignoring the dynamics within the boundary for now, we can

obtain the steady state by starting with a test vector (pn, pn+1)
for some integer n, and obtain all of the coefficients pm with
m < n by propagating to the left with S, and the coefficients
with m > n + 1 by propagating to the right with T . Clearly,
because of normalization there can be as much as one free
variable describing the stationary state, corresponding to a two
dimensional (dark) stationary subspace. Indeed this will be
the case, because ν = −1 on the left of the chain, and thus S
has two eigenvalues in the unit circle, while ν = 1 on the right
of the chain, leading to T having two eigenvalues inside the
unit circle (marked in red in Fig. 2). We thus say that there
are two dark edge states. The population will typically be
strongly suppressed inside the boundary if the inside boundary
is deep in the ν = 0 phase, but its exact structure depends
sensitively on the initial state of the chain, and on the details
of the boundary. In particular, in contrast to Majorana edge
modes, the stationary edge states of our model do not have to
be delocalize, although they can be. It is therefore not obvious
how one could use these edge states for protected quantum
information processing.

An important observation to make is that the bulk-edge cor-
respondence is in fact robust, in the sense that adding weak
longer range hopping which does not change the winding
number on either sides of the boundary will not increase the
number of dark edge states. To see this, assume that the func-
tion bk =

∑J
j=−J vje

ikj , has the same winding number as
ck = we−ik + u + veik, and all of the other coefficients vj
are assumed small, and J > 1. Because of the small coeffi-
cients vj , the polynomials s(x) and t(x) will have many extra
roots within the unit circle. However, all of the added roots of
s(x) inside the unit circle will translate to added roots of t(x)
outside the unit circle (as depicted by green and blue points
in Fig. 2b). This is due to a symmetry in the roots of s and t
expressed as t(x) = x2J+1s(x−1).

FIG. 4. a) Energy level structure of the cavity QED setup. The sys-
tem can coherently hop between eigenstates of the light field, but
only by passing through excited states of the atom. The excited state
of the atom decays at a rate γ, and is represented by squiggly ar-
rows. b) Site population for the inhomogenous chain with hopping
amplitudes µ and

√
mλ, for m = 1, 2, .... The population reaches a

maximum near the µ2 = mλ2 point and is exponentially suppressed
away from it. The stationary state is a pure edge state between two
topologically distinct sectors.

VI. PHYSICAL IMPLEMENTATION

As our second example, we consider the situation of a sin-
gle two level atom interacting with a lossless cavity. The sys-
tem is naturally described by the Jaynes-Cummings model,
which in its simplest form is given by the Hamiltonian:

HJC = Ωa†a+
1

2
∆(σz − 1)

+(λeiωtσ†a+ µeiνtσ† + h.c.), (23)

where a is the field annihilation operator, σz is a Pauli Z oper-
ator on the atom, and σ± = σx± iσy . Ω characterizes the en-
ergy of the field and ∆ that of the atom, while λ is the coupling
constant between atom and light field. µ reflects the detuning
of the applied laser field. We will want to set Ω = ω − ν,
and work in a rotated frame where ω = 0, then the Jaynes-
Cummings Hamiltonian can be rewritten as

HJC =
1

2
(∆− ν)(σz − 1) + (λσ†a+ µσ† + h.c.). (24)

The Hamiltonian in Eqn. (24) can also be interpreted as a
particle jumping on a half infinite dimerized chain, with alter-
nating amplitudes given by λ

√
m and µ respectively. The

√
m

term comes from representing the harmonic oscillator creation
operator in the number basis. The 1

2 (∆−ν) term plays the role
of on-site energy for the single particle hopping model. Note
that the particle is not physical, but is simply an abstraction
of the dynamics occurring in energy space. Assume further-
more, that the two level atom decays from its excited state to
its ground state at a rate γ. The system can then be described
by the Markovian master equation

ρ̇ = −i[HJC , ρ] + γ(σ−ρσ+ − 1

2
{σ+σ−, ρ}+). (25)

In practice, there will always be a cavity decay κ but we as-
sume that κ � γ, and simply set it to zero for simplicity.
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Assuming that µ > λ the Jayns-Cummings system described
above always has a unique pure stationary state given by

|ψss〉 = e−(µ/λ)2
∞∑
m=0

(−1)m
(µ/λ)m√

m!
|0,m〉, (26)

where |0,m〉 is the m’th state of the harmonic oscillator and
the ground state of the atom. Eqn. (26) is a coherent state
of the cavity field with center at µ/λ. We will argue that the
stationary state can be interpreted as dark topological edge
state.

Indeed, by rewriting the field operator a in its number ba-
sis a =

∑∞
m=0

√
m|m〉〈m + 1|, the Cavity QEC system

nearly reduces to the model of Eqn. (3), with v0 = µ con-
stant, v1,m =

√
mλ, and all other coefficients vm,j = 0.

The system is semi-infinite with m ≥ 0. The main differ-
ence between Eqn. (25) and Eqn. (2) is that the Jaynes-
Cummings master equation has a unique jump operator σ− =√
γ
∑∞
m=0 |A,m〉〈B,m|, while Eqn. (2) has independent

jumps operators Lm =
√
γ|A,m〉〈B,m|. It is not difficult

to see that any stationary state of Eqn. (2) is also a station-
ary state of Eqn. (25) (assuming the same Hamiltonian). The
converse follows because the photon number in the Jaynes-
Cummings model cannot be negative.

Now, the semi-infinite chain can be understood has having
two distinct topological sectors. The first for 0 ≤ m < mc,
where mc is such that v1m ≈ v0 or λ

√
m ≈ µ, has winding

number zero, while the rest of the chain, with m ≤ mc has
winding number one, and hence the “particle” will have a left-

moving velocity. From the analysis of Sec. IV, this implies
that there exists a dark stationary edge state at the boundary
between the two topologically distinct sectors of the chain.
The recurrence relation for the stationary state will simply be
pmu+ pm+1vm = 0, where m ≥ 0. Solving for this immedi-
ately yields the coherent state of Eqn. (26) as depicted in Fig.
3c.

VII. CONCLUSION

We have introduced a new type of topology by dissipation,
by introducing a simple one dimensional single particle model
with dissipation. We showed that the average particle veloc-
ity acts as a witness for the topology, and can be expressed
as the winding number of the Hamiltonian divided by the av-
erage time between dissipative jumps. By breaking up the
system into several distinct topological sectors, we show that
the boundary between topological sectors host a decoherence
free subspace whose dimension is given by the difference in
winding number between the two topological sectors. Impor-
tantly, this bulk-boundary correspondence has directionally,
and only holds when the infinite system has a well defined
stationary state. We illustrate our discoveries through a couple
of examples. In particular the model can be implemented in
a lossless cavity QED setup, whose robust the stationary state
is a coherent state of the light field, and can be interpreted as
a topological edge state.
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